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Dynamics of the disordered heavy Fermion model of Dobrosavljevic´ et al. are calculated using an
expression for the spectral function of the Anderson model which is consistent with quantum Monte
Carlo results. We compute Σ(ω) for three distributions of Kondo scales including the distribution
of Bernal et al. for UCu5−xPdx. The corresponding low temperature optical conductivity shows a
low-frequency pseudogap, a negative optical mass enhancement, and a linear in frequency transport
scattering rate, consistent with results in Y1−xUxPd3 and UCu5−xPdx.
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Introduction. Over the past four decades, the Fermi-
Liquid paradigm has been the key to our understanding
of metallic behavior. In Fermi-liquid theory we assume
a 1:1 correspondence between the low-lying eigenstates
of the interacting system to those of the noninteracting
electron gas. This leads to a magnetic susceptibility that
is weakly temperature dependent, a specific heat linear
in T, and a low temperature resistivity that is quadratic.
However, recently there has been a great deal of exper-
imental interest in disordered heavy-Fermion compounds
[1] (e.g.Y1−xUxPd3, UCu5−xPdx), where strong elec-
tronic correlations preclude Fermi-liquid behavior. The
non Fermi-liquid behavior in these compounds is charac-
terized by a linear resistivity at low T, a logarithmic low
temperature divergence of the susceptibility and the spe-
cific heat coefficient, an optical conductivity with a low
frequency pseudogap and a linear transport scattering
rate at low frequencies [1–3]. Several models have been
proposed to explain these experimental results. Among
them are theories based upon proximity to a zero tem-
perature quantum critical point [4] and those which ex-
plain the impurity to lattice crossover effects in the multi-
channel Kondo model [5].
A few years ago, Dobrosavljevic´ et al. [6] investigated
a system of dilute magnetic impurities in a disordered
metal. Since disorder can give rise to a distribution of
the local density of states of the conduction electrons, a
distribution of Kondo scales P (TK) is induced that could
be singular enough to produce χ and γ that diverge as
T → 0, a strongly non-Fermi-liquid behavior. More re-
cently, Bernal et al. [7] have shown that this P (TK) is
not appropriate for the U -doped heavy-Fermion systems.
They propose an alternative spread of Kondo scales, and
use it to calculate the thermodynamics of these alloys.
Miranda, et al. [8] show that this distribution is consis-
tent with a linear in T low temperature resistivity.
Formalism. In this paper, we stay within this phe-
nomenological framework and calculate dynamical quan-
tities such as the optical conductivity and self-energy.
We begin by concentrating on the Kondo regime of the
Anderson impurity model, where d-electrons occupy the
conduction band, and f-electrons provide the magnetic
impurities for the spin-spin scattering processes. It is
known that in the low temperature limit this model cor-
responds precisely to the Fermi-liquid picture of Lan-
dau, containing quasi-particle excitations from a ground
state with relatively weak inter quasi-particle interactions
(∼ kBTK). The electronic density of states has a reso-
nance at the Fermi level, giving significant impurity con-
tributions to the specific heat and magnetic susceptibil-
ity. Following Doniach and Sunjic [9], Frota and Oliveira
[10] argued that the Doniach-Sunjic form, modified to ac-
count for the π/2 phase shift, should describe the shape of
Kondo resonance. Their expression is in agreement with
their results for the Kondo resonance obtained from nu-
merical renormalization group calculations [11], as well
as low-temperature quantum Monte Carlo (QMC) re-
sults analytically continued with the Maximum Entropy
method (MEM) [12,13].
We can generalize their expression to finite tempera-
tures and get
Af (ω, TK) =
1
π∆
Re
[
iΓK/(ω + i
√
Γ2K + γ
2)
]1/2
, (1)
where ∆ is the f-d hybridization energy, and ΓK =
(π/2)2TK is the half-width of this resonance, TK be-
ing the Kondo temperature. We add a temperature
dependent width γ to the original expression of Frota
and Oliveira [10], with γ determined by fitting to QMC-
MEM results [12]. As shown in Fig.[1], this form contin-
ues to exhibit remarkable agreement with the shape of
the Kondo resonance (the low-frequency peak) obtained
from QMC-MEM, even at finite temperatures. By com-
parison with a wide range of Anderson impurity spectra,
we were able to obtain the universal function γ(T/TK)
for over three decades of T/TK . For T/TK ≤ 0.3, we
use γ(T ) = 4.52T , a value derived from Nozie´res’ [14]
phenomenological Fermi-liquid description of the Kondo
problem at low temperatures. The result for γ(T/TK)
will be presented in a table of an upcoming publication.
The Hilbert transform of Af (ω, TK) then gives the av-
erage impurity t-matrix
1
tf (z) =
∫
dTKP (TK)
∫
dω
V 2Af (ω, TK)
z − ω . (2)
where V is the f-d hybridization. Following Miranda, et
al. [8] we use a dynamical mean-field approximation [15],
which becomes exact in the limit of infinite dimensions,
to calculate the lattice self energy from a concentration
x of substitutional Kondo impurities
Σ(ω) =
xtf (ω)
1 + xtf (ω)G(ω) , (3)
where G(ω) describes the average effective medium of the
impurity. It is related to the average local host greens
function G
G(ω) =
∫
dǫ
N(ǫ)
ω − ǫ+ µ− Σ(ω) , (4)
through the relation
G−1 = G−1 +Σ , (5)
where N(ǫ) = 1
t∗
√
π
e−ǫ
2/t∗
2
and we set t∗ = 10, 000K to
establish a unit of energy and temperature. The solutions
of Eqns. 1–5 then give the full lattice self energy.
The knowledge of this self energy enables one to cal-
culate physical quantities [16] like transport coefficients
and the optical conductivity. In this paper we concen-
trate on the optical conductivity σ(ω). It is measured
in units of σ0 = e
2π/2h¯a, which with h/e2 ≈ 2.6 · 104Ω,
varies between 10−3...10−2[(µΩcm)−1], depending on the
lattice constant a.
Results We choose three different distributions
P (TK), corresponding to strong [6], weak [7] and a phe-
nomenological disorder motivated by Miranda et al.’s [8]
argument that the experimental P (TK) should be rela-
tively constant at low temperatures. Also consistent with
Miranda we consider the distribution of Kondo scales as
arising from a distribution of couplings between the con-
duction and the f-electron spins P (J). For the strongly
disordered sample, P (TK) has the form [6]
Psd(TK) = (4π)
−1/2 1
TK ln(t∗/TK)
×
exp{−0.25ln2[0.217e−1ln(t∗/TK)]} , (6)
where we have used a bulk Kondo temperature T 0K =
102K (in most U-based HF systems T 0K = 10
2K varies
between 100-200 K). The weak disorder is characterized
by a Gaussian distribution P (J) of width 2u = 0.01,
where u is a disorder parameter [6] and a higher value of
u corresponds to more disorder. This leads to
Pwd(TK) =
1√
0.01π
1
0.217TKln
2(TK/t∗)
×
exp
{
−100
[
1
0.217ln(TK/t∗)
+ 1
]2}
. (7)
For the phenomenological spread of Kondo scales, we as-
sume the form
Pph(TK) =
0.01
e(TK−T
0
K
) + 1
. (8)
This distribution is not based on microscopics; it sim-
ply satisfies the experimental criterion of constancy at
low TK and looks qualitatively similar to the P (TK) for
UCu5−xPdx [8]. Unlike the 1/(TK lnTK) divergence of
the strongly disordered case, Pph(TK) has a finite num-
ber of spins with TK = 0.
The nature of the disorder gives rise to different physics
in each case, as is manifested in the functional form of
ImΣ(ω) [Fig.2] (these plots are for T = 0). For a weakly
disordered system, ImΣ(ω) has the form−c+ω2 as ω → 0
where c is a constant [19]. This suggests a finite lifetime
for the electrons at the Fermi energy at zero tempera-
ture which makes it different from a normal (pure metal)
Fermi liquid. But since there are no unquenched spins
at T = 0, the system does form a local Fermi liquid,
with a resistivity ρ(T ) ∼ ρ(0) − AT 2. For the case of
strong disorder, Psd(TK) is divergent at low TK . Even
though we are on the metallic side of the metal-insulator
transition, a large number of spins with very low Kondo
temperatures gives a non Fermi-liquid ground state. For
this scenario, we find that ImΣ(ω) ∼ −c+ω1/4 at low ω.
Pph(TK), the distribution of Kondo scales that is rel-
evant to UCu5−xPdx, is intermediate between these two
cases. It gives us an ImΣ(ω) that behaves like −c + |ω|
as ω → 0. We think that this behavior of ImΣ(ω)
can be understood through the following simple argu-
ment. Oliveira’s expression for the f-electron spectral
function at T = 0 can be expanded near ω = 0 to
give a form Af (ω, TK) ∼ 1 − α(ω/TK)2, where α is a
constant. Given that Pph(TK) ≈ constant at low TK ,∫∞
0 Af (ω, TK)Pph(TK) dTK gets its dominant contribu-
tion from the region where TK ≥ ω. If we change the
lower limit of the integral from 0 to ω and make use of
the fact that Pph(TK) has a finite upper cutoff (∼ 100K),
ImΣ(ω) turns out to be −c+ |ω|. In calculating the con-
ductivity, the energy ω of the electron is averaged over
a region of width kBT near the Fermi surface. This re-
places |ω| by T , giving a resistivity linear in temperature
[8] which is observed experimentally in Y1−xUxPd3 and
UCu3.5Pd1.5 [1].This result is confirmed by direct calcu-
lation of the resistivity (not shown).
Fig.[3] shows the temperature dependence of the op-
tical conductivity of the phenomenologically disordered
system. Consistent with what is seen in Y1−xUxPd3 and
UCu3.5Pd1.5 [2], the Drude-like peak is recovered when
T >∼ 100K, since spins with essentially all possible val-
ues of TK are participating in the dynamics at this tem-
perature. The inset lists the zero temperature optical
conductivities for the three distribution of Kondo scales.
All are characterized by a vanishing Drude weight at low
T , along with a finite frequency peak. As the disorder
2
is increased, this peak moves towards lower frequencies,
concomitant with the decrease in the average value of TK
(which is different than T 0K). The Drude peak at T = 0 is
recovered from the weak disorder case if u→ 0 in P (J),
giving Pwd(TK) ∝ δ(TK − T 0K) (T 0K is the bulk value),
which takes us to the single Kondo scale physics.
The optical conductivity of metals, even non Fermi
liquid metals, is usually analyzed by rewriting it in a
generalized Drude form [2]
σ(ω) =
ω2p
4π
1
Γ(ω)− iω(1 + λ(ω)) , (9)
where σ(ω) = σ1(ω)+iσ2(ω) [17]. We calculate the trans-
port relaxation rate Γ(ω) and the optical mass enhance-
ment (1 + λ(ω)) for the three distributions of Kondo
scales. However, as shown in Fig. 4(a), only the phe-
nomenological distribution results in a linear in frequency
zero temperature Γ(ω), consistent with what is seen in
Y1−xUxPd3 and UCu3.5Pd1.5 [2]. In each case, we find
that the low frequency optical mass enhancement 1+λ(0)
is also negative (however, in the case of weak disorder a
positive mass is recovered as u→ 0).
Γ(ω) for the phenomenological distribution at several
different temperatures is plotted in Fig. 4(b). Here, con-
sistent with Degiorgi, et al. [2] we fit the relaxation rate to
Γ(ω) = Γ0 (1− (T/T0)n − (ω/ω0)n) in the low frequency
region. We find that T0 ≈ 85K and ω0 ≈ 0.09t∗, and
are roughly constant in temperature. At high tempera-
tures, Γ(ω) and 1+λ(ω) (Fig. 4(c)) are weakly frequency
dependent, 1 + λ(ω) > 0 and n = 2.00, as expected for
a Fermi liquid. Thus, as seen in Fig. 3, a Drude peak
is recovered in σ1(ω). As the temperature is lowered,
Γ(ω) and 1+λ(ω) become strongly frequency dependent,
1+λ(0) < 0, and n ≈ 1, features which we believe should
be viewed as characteristic of a non-Fermi liquid. A very
similar sequence of features are seen in Y1−xUxPd3 and
UCu3.5Pd1.5 [2].
Within the formalism developed thus far, we can also
calculate the magnetic susceptibility χ(T ) by disorder
averaging Krishnamurthy’s [11] universal susceptibility
for a single Kondo scale. It is fairly straight-forward to
compute the spin-relaxation rate in NMR (1/T1) as well.
These quantities will be addressed in an upcoming pub-
lication.
Conclusion. Within the Kondo disorder model [6–8],
we calculate dynamics for some U-based heavy Fermion
systems. We observe a linear resistivity at low T con-
sistent with Ref. [8], the lack of a Drude peak and a
low-frequency pseudogap in the real part of the optical
conductivity, a negative low temperature optical mass,
and a linear in frequency optical dynamical scattering
rate. All these features are observed in Y1−xUxPd3
and UCu3.5Pd1.5 [1,2]. Thus, we conclude that the phe-
nomenological distribution of Kondo scales model is suf-
ficient to describe the dynamics of these disordered sys-
tems. It is important to stress that Kondo disorder is not
the sole possible explanation of non Fermi-liquid behav-
ior in these systems [4,5]. In fact, it has recently been
shown that the two-channel Kondo lattice model displays
remarkably similar optical properties [18]. However, it
remains to be seen if an appropriate two-channel Kondo
model can accurately describe the transport and optical
properties of dilute systems such as Y1−xUxPd3.
We are most grateful to Leo Degiorgi for his careful
and critical reading of the manuscript. His comments
led to several corrections and clarifications. We would
also like to acknowledge useful discussions with D.L. Cox,
B. Goodman, M. Ma, Anirvan Sengupta, R. Serota, and
Axel Zibold. This work was supported by NSF grants
DMR-9406678 and DMR-9357199. Computer support
was provided by the Ohio Supercomputer Center.
[1] For a recent review, see M.B. Maple et al., J. Low Temp.
Phys. 99, 223 (1995), and references cited therein.
[2] L. Degiorgi, H.R. Ott, and F. Hulliger, Phys. Rev. B
52, 42 (1995); L. Degiorgi and H.R Ott, J.Phys. :Cond.
Matter(1996); and L.Degiorgi et al., Phys. Rev. B 54,
6065 (1996).
[3] H. v. Lo¨hneysen et al., Phys. Rev. Lett. 72, 3262 (1994).
[4] M.A. Continentino, Phys. Rev. B47, 11581; A.J. Mil-
lis, Phys. Rev. B48, 7183 (1993); A.M. Tsvelik and M.
Reizer, Phys. Rev. B48, 9887 (1993).
[5] a) P. Nozie`res, P. and A. Blandin, J. Phys. (Paris) 41, 193
(1980); b) D.L. Cox, Phys. Rev. Lett. 59, 1240 (1987);
c) Physica B 186-188, 312 (1993).
[6] V. Dobrosavljevic´, T.R. Kirkpatrick, and G. Kotliar,
Phys. Rev. Lett. 69, 1113 (1992).
[7] O.O. Bernal et al., Phys. Rev. Lett. 75, 2023 (1995).
[8] E. Miranda, V. Dobrosavljevic´ and G. Kotliar, cond-
mat/9609193 (1996).
[9] S. Doniach and M. Sunjic, J.Phys.C 3, 285 (1970).
[10] H.O. Frota and L.N. Oliveira, Phys. Rev. B 33, 7871
(1986).
[11] H.R Krishna-murthy, J.W. Wilkins and K.G. Wilson,
Phys. Rev. B 21, 1003 (1980); 21, 1044 (1980).
[12] R.N. Silver et al., Phys. Rev. Lett. 65, 496 (1990)
[13] For a review of the Maximum Entropy method of analytic
continuation, see M. Jarrell, J.E. Gubernatis, Physics Re-
ports Vol. 269 #3, (May, 1996).
[14] P. Nozie´res, J. Low Temp. Phys. 17, 31 (1974).
[15] W. Metzner and D Vollhardt, Phys. Rev. Lett. 62, 324
(1989).
[16] Th. Pruschke, M. Jarrell and J.K. Freericks, Advances in
Physics 44, 187-210 (March/April 1995).
[17] Given the nonanalytic nature of the self energy, and thus,
presumably the dynamic current-current susceptibility,
it is important to calculate σ2(ω) exactly the same way
that the experimentalists do, using a Hilbert transform
of σ1(ω) (rather than the dynamic current-current sus-
ceptibility, −iωσ(ω).)
3
[18] M. Jarrell, Hanbin Pang, D.L. Cox, F. Anders and Amit
Chattopadhyay, unpublished (1996); F. Anders, and M.
Jarrell, unpublished.
[19] Strictly speaking, since Pwd(TK) has a weak divergence
like 1/(TK ln
2TK) as TK → 0, the corresponding ImΣ(ω)
also will contain a term like ωα with α < 1. However,
the prefactor of this term is proportional to the relative
weight of this singularity, which for our choice of param-
eters is about 10−7. Hence, the term with the fractional
power gets suppressed by the quadratic term for all ex-
perimentally accessible temperatures and frequencies.
1 10 1000.0
0.2
0.4
0.6
0.8
1.0
pi
∆A
(ω
)
ω/TK
FIG. 1. Spectral function for the f-electron in the Kondo
limit of the Anderson model. The long-dashed line is the
Doniach-Sunjic result [10] (true for T = 0). The dotted lines
represent the extension of the Doniach-Sunjic result to finite
T which is used for calculating the dynamics in this paper;
the solid lines represent QMC-MEM results. T/TK = 0.2,
0.8, 3.2 and 12.8 for the curves from top to bottom. For
T/TK ≤ 0.3, Af (ω, Tk) has a width γ = 4.52T which comes
from Fermi-liquid theory [14]. For higher T/TK , we adjust γ
to fit the QMC-MEM data.
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FIG. 2. Imaginary part of the conduction electron self en-
ergy when T = 0 and x = 0.2. The three different curves
denote different distributions of disorder. The lowest one cor-
responds to very weak disorder (P (TK)→ 0 as TK → 0) and
at low ω has the form ImΣ(ω) ∝ −c+ω2, giving a local Fermi
liquid with ρ(T ) = ρ(0)−AT 2. The highest one is for strong
disorder (still metallic), with a ω1/4 dependence as ω → 0.
The one in the middle corresponds to a phenomenological dis-
tribution of Kondo scales suitable for the heavy-fermion sys-
tems. It approaches the form ImΣ(ω) ∝ −c + |ω| as ω → 0.
This strongly hints towards a linear resistivity at low T in
these compounds.
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FIG. 3. Optical conductivity for the phenomenological dis-
tribution of Kondo scales at a few temperatures when x = 0.2.
At very low temperatures a finite number of unquenched spins
preempt the formation of a Fermi-liquid. The interesting fea-
ture is the development of a Drude peak as we go from tem-
peratures much below the bulk Kondo value (T 0K ≈ 100K) to
those much above it. The inset shows the conductivity for the
three different P (TK) when T = 0. The absence of a Drude
peak is conspicuous in all three cases.
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FIG. 4. (a) Frequency dependence of the scattering relax-
ation rate Γ(ω) at T = 0 for the three different P (TK) when
x = 0.2. Note that Γ(ω) is linear in ω, and therefore con-
sistent with experiment [2], only for the phenomenological
distribution of Kondo scales. Γ(ω) corresponding to weak
disorder has an ω2 behavior as ω → 0, suggesting the for-
mation of a local Fermi liquid. (b) Γ(ω) for Pph(TK) at dif-
ferent temperatures; in each case the solid line is a fit to
the form Γ(ω) = Γ0 (1− (T/T0)
n − (ω/ω0)
n). We see that
up until 10K, we have a scattering rate that is roughly lin-
early decreasing in ω and T . (c) Optical mass enhancement
for Pph(TK) at different temperatures (symbols are the same
as (b)). At low temperatures 1 + λ(0) < 0 indicative of a
non-Fermi liquid.
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